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Jensen’s inequality and Young’s inequality

o Jensen’s inequality
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Jensen’s inequality and Young’s inequality

o Jensen’s inequality
(Finite form) For a real convex function ¢, numbers
Ty, %2, - , Ty in its domain, and positive weights a;, Jensen’s
inequality can be stated as

® (Zlai Z am) < Zlaz' Z aip (i)
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Jensen’s inequality and Young’s inequality

o( Jensen’s inequality

(F'inite form) For a real convex function ¢, numbers
Ty, %2, - , Ty in its domain, and positive weights a;, Jensen’s
inequality can be stated as

® <Zlai Z aixz') < Zlaz' Z aip (i)

(Measure-theoretic_and_probabilistic,form) Let (2, A, u) be a
probability spake such that p(€2) = 1 If g is a real valued function
which is p -integrable and ¢ is a convex function on the real line,

then
w(/gdu> S/«pogdu
Q Q
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Jensen’s inequality and Young’s inequality

e Young’s inequality
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Jensen’s inequality and Young’s inequality

e Young’s inequality
(for products) In standard form, the inequality states that if a, b

areMonnegativelreal numbers and p, ¢ > 1 such that ;1) + % =1,

then
a? b
ab< —+ —
., q

The equality holds if and only if a? = 4.
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Jensen’s inequality and Young’s inequality

e Young’s inequality
(for products) In standard form, the inequality states that if a, b
are nonnegative real numbers and p, ¢ > 1 such that ;1) + % =1,

then
b
b4 =
- p
The equality holds if and only if a? = b, [Hs=0

Proof: The claim is certainly true if —E—Qﬂ—[-)-i 0. Therefore,
assume ¢ > 0 and b > 0 in the following.
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Jensen’s inequality and Young’s inequality

e Young’s inequality
(for products) In standard form, the inequality states that if a, b
are nonnegative real numbers and p, ¢ > 1 such that i + % =1,
then
b <
ab< — + —
p q
The equality holds if and only if a? = 4.
Proof: The claim is certainly true if a = 0 or b = 0. Therefore,
assume a > 0 and b > 0 in the following. Put ¢t = 1/p, and then
(1 —t¢) = 1/q. Since the logarithm function is concave,
—_— ——
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Jensen’s inequality and Young’s inequality

e Young’s inequality
(for products) In standard form, the inequality states that if a, b
are nonnegative real numbers and p, ¢ > 1 such that ;1) + % =1,
then

The equality holds if and only if a? = 4.
Proof: The claim is certainly true if a = 0 or b = 0. Therefore,

assume ¢ > 0 and b > 0 in the following. Put ¢ =1/p, and then

(1 —t) = 1/q. Since the logarithm function is @

In (ta? + (1L— )47 > tln a?)+(L=1) In (b%) = In(a)+1n(b) = In(ab)
with the equality holdmg 1f and only if 1
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Jensen’s inequality and Young’s inequality

e Young’s inequality
(for products) In standard form, the inequality states that if a, b
are nonnegative real numbers and p, ¢ > 1 such tha L 1T

q
then

al  bY
ab< — + —
p q
The equality holds if and only if a? = 4.
Proof: The claim is certainly true if a = 0 or b = 0. Therefore,
assume a > 0 and b > 0 in the following. Put ¢ =_1/p, and then

(1 —¢) = 1/q. Since the logarithm function is concave,

eln ({ta? + (1 — tibé) > tIn (a?)+(1— 1) In (b) = In(a)+1In(b 1n@

with the equality holding if and only if ¢? = b?. Young’s 1nequahty

follows by-eXponentiating-~

Remark : The numbers p, q are said to be Holder conjugates of
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© Holder’s inequality and Minkovski inequality
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Holder’s inequality and Minkovski inequality

Ly L
o Holder’s inequality ] Y 9 *(/ r.q >\
(for the counting measure) If p, ¢ are Holder conjugates, then
i e s 2

Z |ziyil < (Z |$i.|p>11) (Z |?/_i’q)

for complex numbers z1, 72, - - and y1, yo2, - -

1
q
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Holder’s inequality and Minkovski inequality

o Holder’s inequality
(for the counting measure) If p, ¢ are Holder conjugates, then

Z |ziyi| < (Z |$i|p>; (Z |yi’q);

for complex numbers 1, 7o, - - - and Yo, -
Proof: WLOG, we assume that S yi? > 0. Let
.Cl, — b.: |yl| T
(X Twil®)
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Holder’s inequality and Minkovski inequality

o Holder’s inequality
(for the counting measure) If p, ¢ are Holder conjugates, then

1 1
>l < (3 la”) " (30 wil?)”
for complex numbers 1, 7o, - - - and yi, yo, - - -
Proof: WLOG, we assume that > |z;|” > 0,3 |y;]? > 0. Let

S A I IR
7 Sl (2|yz~|q)5 "’&ilﬁlqﬁ

Applying Young’s inequality (ab < o , we get
} Ilep o’

|y

(S lal) (St PE bl gl ‘% Y
7 L]

2 1v.]9
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Holder’s inequality and Minkovski inequality

e Holder’s inequality
(for the counting measure) If/qare Holder c@hen

> el < (S lei)” (o)’
for complex numbers 1, 2o, - - - and y1, yo, - -
Proof: WLOG, we assume that > |z;|” > 0,3 |y;]? > 0. Let
|zl — lwl

) - q 1
lyal")

=

CL"p

. s . . » e
Applying Young’s inequality (ab < o+ ?), we get

720 c_lal

1<i<n
|7 b ;9 7 pylml” s |yl
Summinfgzlzlp O|V21" z(z " ) ﬂ)(‘ y’ F"C\}#

Slewl | S St 1 1 (THP
.”5|yi|‘1)5 Pm D P q 17 / 43
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Holder’s inequality and Minkovski inequali

e Minkovski inequality
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Holder’s inequality and Minkovski inequality

e Minkovski inequality (for the counting measure) For any p > 1

(Z |2 + Z/i|p)% < (Z |l’i|p>% + (Z Iyi|p)%
for complex numbers z1, 23, - - and y1, Yo, - - -
. P;l ,
shty| ¢ sl £ 5] f

. p>l
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Holder’s inequality and Minkovski inequality

e Minkovski inequality (for the counting measure) For any p > 1

(St ul)” < (X))’ + (X lur)’
for complex numbers x1, zo, - - - and y1, yo, -
Proof (of the case p > 1): Bym
S ot ul” -I’r(P'\)
:Z :Ui+yi ( an"')i\ < lX|\+ |:)I|\

<Z@|_%=:%— +Z|%||$z+yz|p ' (Z‘ :‘X"-I-)!;
:lX\ Z\\

5 I
2 (= m\) .(Z\Za\q)cp

5 a
szl ¢ @) ()"
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Holder’s inequality and Minkovski inequality

e Minkovski inequality (for the counting measure) For any p > 1

(S o) < (Shar) ' + (L)’

for complex numbers x1, z2, - - - and yi, yo, - - - |
Proof (of the case p > 1): By Holder inequality, T‘;/- _‘,—P' = \

=" i+ gl 2+ il

=

1
q

= (Z ‘$i|p)% (Z |2 +_€Ji|p) + (Z |yi|p>%
= TEIX[P) 4 13]%)"T
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Holder’s inequality and Minkovski inequality

e Minkovski inequality (for the counting measure) For any p > 1

%’(ﬁ‘ ’/\ (Z |z; + Z/i|p)% < (Dlﬂp)% + (Z |Z/z‘|p>%

for complex numbers x1, z2, - - - and yi, yo, - - -
Proof (of the case p > 1): By Holder inequality,

5 4y P
Sletul? (SWHDF (= (i\n\)
N s e (i\m’ry;l")‘*v
="l i i+ i M)
<l |+ il + Z lyillz: + yd P

S(Z \137:|p)§ (Z |2 + U‘|<p*1)q>%' (ZW‘ P>% (Z 2+ yi‘(pﬂ)q)%
= () (St o) () (S )

Tute@%lidlf_bﬂl}h_ﬂd&bnd the desired inequality fQ%JW%B
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Holder’s inequality and Minkovski inequality

o Minkovski inequality
(for the counting measure) For any p > 1,

(St )’ < (Sp)’ + (S)’

for complex numbers 1, 7o, - - - and yi, yo, - - -
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Holder’s inequality and Minkovski inequality

o Minkovski inequality
(for the counting measure) For any p > 1,

(St )’ < (Sp)’ + (S)’

for complex numbers 1, 7o, - - - and yi, yo, - - -

(for the Lebesgue measure) If € is a measurable subset of R”,with
the Lebesgue measure and f, g are measurable complex-valued
functions on 2, then
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Holder’s inequality and Minkovski inequality

o Minkovski inequality
(for the counting measure) For any p > 1,

(St )’ < (Sp)’ + (S)’

for complex numbers 1, 7o, - - - and yi, yo, - - -

(for the Lebesgue measure) If € is a measurable subset of R”,with
the Lebesgue measure and f, g are measurable complex-valued
functions on 2, then

(favsons) = () (sors)
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© Examples of Banach spaces
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Example 1

o X = (C(K), where Kis a compact-subset in R™. Define
Il x = sup |f(z)]-
e K

Then (X, | - ||x) is a Banach space.
. foimed Spate

- ) e
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Example 1

e X = (C(K), where K is a compact subset in R"™. Define
Il x = sup [(=)|.
e K

Then (X, | - ||x) is a Banach space.
Proof: 1t’s easy to check that (X, | -||x) is normed space.
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Example 1

e X = (C(K), where K is a compact subset in R"™. Define
Il x = sup [(=)|.
e K
Then (X, | - ||x) is a Banach space.

Proof: 1t’s easy to check that (X, | -||x) is normed space.
Let’s prove the Completeness.

Tutorial 1 29 /43

Caiyun Ma (CUHK) Tutorial 17 Sep, 2020 11/15



Example 1

o X = ((K), where K is a compact subset in R™. Define
1fllx = sup |f(z)].
e K
Then (X, | - || x) is a Banach space.
Proof: 1t’s easy to check that (X, | - | x) is normed space.

Let’s prove the Completeness. Suppose {f,} is a/Cauchy seguen% in X.
Then Ve > 0, there exists N € N such that Vm, k > N and==5=& it holds

that
sup | fm(7) — fi(z)| <e.
€K
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Example 1

e X = (C(K), where K is a compact subset in R"™. Define
I/l x = sup |f(z)].
z€ K

Then (X, | - ||x) is a Banach space.
Proof: 1t’s easy to check that (X, | -||x) is normed space.
Let’s prove the Completeness. Suppose {f,} is a Cauchy sequence in X.
Then Ve > 0, there exists N € N such that Vm, k> N and z € K, it holds
that

sup [fin(2) — fi(3)] < c.

e K

Therefore, for each z€ K. {fi(x) t' _1's Cauchy in R™ and thus we can define
funciton ,ﬁ/ —s _f P"\“’V‘ud
fz):= klim fi(z), re K. /
axde ]

{, _""—_"\/‘ZMWJM— to ‘J(‘
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Example 1

o X = ((K), where K is a compact subset in R™. Define
1l x = sup [f(z)].
€K

Then (X, | - || x) is a Banach space.
Proof: 1t’s easy to check that (X, | - | x) is normed space.

Let’s prove the Completeness _Suppose {f,} is a Cauchy sequence in X.
Then Ve > 0, there existuch that Vm, k> N and z € K, it holds
that +i%

sup |fm(z) — fi(2)| <e.

K, {fr(2)} is Cauchy in R™ and thus we can define

Therefore, for each z

funciton 2

flz) = lim fi(x), ze K.
k— o0

Since N is independent\of z, we can take@and consequently
l suglfm( ) — flo)] <e.
e

Tutorial 1 32/43

Caiyun Ma (CUHK) Tutorial Class 17 Sep, 2020 11/15



Example 1

e X = (C(K), where K is a compact subset in R"™. Define
Il x = sup [(=)|.
e K

Then (X, | - | x) is a Banach space.

Proof: It’s easy to check that (X[ - ||x) is normed space.

Let’s prove the Completeness. Suppose {f,,} is a Cauchy sequence in X.
Then Ve > 0, there exists N € N such that Vm, k> N and z € K, it holds
that

sup |fm(2) — fe(2)| < e.
e K

Therefore, for each z € K, {fi(z)} is Cauchy in R™ and thus we can define
funciton

flo) = lim fi(a),  zEK.

Since %‘1 independent of x, we can take k — co and consequently
+m ;%-]C , sup | fm(2) — flz)] <e.

€K

@convelﬁsmto f I'Il we (an PY6V€ :’LG C(k).
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Example 1

e X = (C(K), where K is a compact subset in R"™. Define

I = sup | (2) S‘[{mw 4«»9\ tg

i)

Then (X, x) is a Banach space. —»

Proof: 1t’s easy to check that (X, | -||x) is normed space

Let’s prove the Completeness. Suppose {f,} is a Cauchy sequence in X.
Then Ve > 0, there exists N € N such that Vm, k> N and z € K, it holds
that

sup |fm(2) — fe(2)| < e.
e K

Therefore, for each z € K, {fi(z)} is Cauchy in R™ and thus we can define
funciton LN
flo) = lim fi(a),  we K. R R
— 00
Since N is independent of z, we can take k — oo and consequently ‘k\-g) —.(m
- 4

up |fn(2) — f(2)] < e Hoo ~fo £ 1- =

’\' watd '{mld
fw converges uniformly to f. Hence f€ C(K) by@f , which
Tutdinghds the proof. JER T %3,(7)
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@ Counterexample
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Counterexample

o Let K = [0,1]. Define a norm ||f|l1 := J; [f(z)|dz. Then

(C[0, 1], - |]1) is not a Banach space.
X

.9 (‘audn/ 5€{otn (2 «"\
fn >t
oY
4 *‘F ;L“J( ’F? ><
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Counterexample

e Let K =[0,1]. Define a norm ||f]|; := [ 1f(z)|dz. Then
(C[0,1],]| - |l1) is not a Banach space.
Idea: Find a Cauchy sequence {f,}, which converges to a function

LEC0.1.
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Counterexample

e Let K =[0,1]. Define a norm ||f||; := fol |f(z)|dz. Then
(Cl0,1], | - |l1) is not a Banach space. '
Idea: Find a Cauchy sequence {f,}, which converges to a function
fEcp, .

Consider the sequence
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Counterexample

o Let K = [0,1]. Define a norm ||f|l1 := J; [f(z)|dz. Then
(C[0,1],]| - |l1) is not a Banach space.

Idea: Find a Cauchy sequence {f,}, which converges to a function

f¢Clo,1] .

Consider the sequence

0, 0<z<i
{Fa(@}se =91 n(e—3), <2<+
1, ;+ica<l
It’s a Cauchy sequence in (C[0, 1], || -||1) since
11
| fn — fm”1—§ﬁ —0as n,m— o
Tutorial 1 39/43
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Counterexample

o Let K = [0,1]. Define a norm ||f|l1 := J; [f(z)|dz. Then
(C[0,1],]| - |l1) is not a Banach space.

Idea: Find a Cauchy sequence {f,}, which converges to a function

f¢Clo,1] .

Consider the sequence

Gi@)s={ nle—1). bea<is?
1, T+lcr<i

It’s a Cauchy sequence in (C[0,1],] - ||1) since

111 1

||fn—me1:2’— —0as n,m— oo
n o m

Let '\£ é\ C Co. \]

G {1 5
. 1, i<
Tutorial 1 2

Caiyun Ma (CUHK)

Tutorial Class

17 Sep, 2020 13 /15



Counterexample

°
0, 0<z<i
{fa@}s2 =14 n(z—3), 3<a<z+,
L . Tti<az<l
It’s a Cauchy sequence in (C[0, 1], - ||1) since
1{1 1
||fn_me1:2’— — 0as n,m— o0
nom AN
Let N
@-{1 5 =
= 1
1, t<a< i
Then . 2N ‘
‘@— |1g>50asn—>oo h oo
Tutorial 1
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Counterexample

(*]
Ga@hsa =] mla=}), t<zsi+l

It’s a Cauchy sequence in (C[0,1],] - ||1) since

1
\fn = flly = ’——>0asnm—>oo
Let .
0, 0<z< s
— ’ - — 2
flz) {1, leg<l
Then

1
an—f]|1:%—>0as n — 00

Hovveverd thus (C[0, 1], || - is not a Banach space,
o However (¢ C{o.1]3nd thus (€(0,1) - 1) ly s,

Caiyun Ma (CUHK) Tutorial

17 Sep,

2020
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See you next week
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